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Plaque rupture provokes blood clots, which travel

around cardiovascular system producing:

● Heart attacks

● Strokes

● Ischemia

● ….

● Narrowing (stenosis)

● Hardening of the arteries

● Loss of elasticity

● Reduction of the blood flow

Process in which plaques, consisting of deposits of cholesterol and other lipids,

macrophages and calcium, are built up in the arterial walls causing:

Motivation

Atherosclerosis



Spontaneous plaque rupture

Means to detect unstable

plaques and predict rupture

location would then be valuable

for clinical diagnosis.

Ref.: P. Libby . Pour la Science, juillet 2003
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A cascade of events leads to plaque rupture

Lipid Accumulation Inflammation

(decades) (Probably years)

Increased Increased Decreased

Fibrous Matrix Matrix

Stress Degradation Synthesis

Plaque Rupture
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 Biological factors: genetic, LDL, diabetes, Endothelial Dysfunction

 Environmental factors: smoke, diet …

 Biomechanical factors:

 Atherosclerotic plaques, are located at predilection sites, such as side 

branches, curved segments and bifurcations, which are known to 

disturb several properties in the blood flow velocity field. 

 Several lines of research indicate that biomechanical factors play an 

essential role in progression of plaques (e.g. plaque size) and plaque 

composition . 

 vessel compliance, curvature, pulsatile blood flow or cardiac motion

Factors of development:
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Biomechanical factors:

Side branches, curved segments and 

bifurcations are known to disturb 

several properties in the blood flow 

velocity field

Motivation



Dai et al. 2004. PNAS 101(41), 

14871-14876
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Biomechanical factors:
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Plaque location Plaque rupture

?

Plaque evolution



Modelling atherosclerosis

Agent Based Models (ABM)

Continumm models



Continuum Models:

 Based on reaction–convention– diffusion equations.

 Consider the wall as a continua

 Model Transport Phenomena

 Easy couple  with mechanics

 Phenomenological models

 Determinist, no statistics.

 Difficult to validate

 Numerical problems - growth

Modelling atherosclerosis



Agent Based Models:

 Based on statistical roles.

 Consider the wall as a latticce

 Based on cell populations behavior

 Probabilistic solutions.

 No numerical problems

 Difficulty to couple  with mechanics

 No Model Transport Phenomena

 Difficult to validate

Modelling atherosclerosis
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𝜌𝑠 𝒖𝒔 · 𝛻 𝒖𝒔 = 𝛻 · −𝑝𝑠𝐼 + 𝜇𝑠 𝛻𝒖𝒔 + 𝛻𝒖𝒔
𝑇 + 𝑭𝒔

𝜌𝑠𝛻 · 𝒖𝒔 = 0

 Stationary or pulsatile flow

 Newtonian fluid

 Homogeneus fluid

Navier-Stokes and continuity equations

𝑢 = 2𝑢0 1 −
𝑟

𝑅

2

ConvecciónDifusión

𝛻 · −𝐷𝐿𝐷𝐿,𝑙𝛻𝐶𝐿𝐷𝐿,𝑙 + 𝑢 · 𝛻𝐶𝐿𝐷𝐿,𝑙 = 0

𝛻 · −𝐷𝑚,𝑙𝛻𝐶𝑚,𝑙 + 𝑢 · 𝛻𝐶𝑚,𝑙 = 0 LDL Monocytes

𝑃𝑠𝑎𝑙

Blood flow

Solute flux along lumen

Modelling atherosclerosis



Normal

junction
Leaky

junction

𝐽𝑣 = 𝐽𝑣,𝑛𝑗 + 𝐽𝑣,𝑙𝑗 + 𝐽𝑣,𝑣

Vesicular

pathway

𝒖𝒘 =
𝑘𝑤

µ𝑝
𝛻𝑝𝑤; 

൯𝜕(𝜌𝑝𝜖𝑤

𝛿𝑡
+ 𝜌𝑝𝛻 · 𝒖𝒘 = 𝐽𝑣

Ley de Darcy and continuity equation

3 pore model Olgac et al. (2008)

𝐽𝑠,𝐿𝐷𝐿 = 𝑃𝑖 𝑐𝑙 − 𝑐𝑤
𝑃𝑒𝑖

𝑒𝑃𝑒𝑖 − 1
+ 𝐽𝑣 1 −𝜎𝑓,𝑖 𝑐𝑙

𝐽𝑠,𝑚 =
𝑚𝑟

1 +
𝑊𝑆𝑆
𝑊𝑆𝑆0

𝐶𝐿𝐷𝐿𝑜𝑥,𝑊𝐶𝑚,𝑙

Plasma flow

Solute flux along lumen

LDL Monocytes
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Diffusion Convection ReactionTemporal

𝜕𝐶𝐿𝐷𝐿,𝑤
𝜕𝑡

𝜕𝐶𝐿𝐷𝐿𝑜𝑥,𝑤
𝜕𝑡

𝜕𝐶𝑚,𝑤

𝜕𝑡

𝜕𝐶𝑀,𝑤

𝜕𝑡

𝜕𝐶𝑐𝑤
𝜕𝑡

𝜕𝐶𝐶𝑆𝑀𝐶,𝑤
𝜕𝑡

𝜕𝐶𝑆𝑆𝑀𝐶,𝑤
𝜕𝑡

𝜕𝐶𝐹𝐶,𝑤
𝜕𝑡

𝜕𝐶𝐺,𝑤
𝜕𝑡

TIME DEPENDENT: Convection-diffusion-reaction equations along the arterial wall

+

+

+

+

+

+

+

+

+

∇·(−𝐷𝐿𝐷𝐿,𝑤∇𝐶𝐿𝐷𝐿,𝑤)

∇·(−𝐷𝐿𝐷𝐿𝑜𝑥,𝑤∇𝐶𝐿𝐷𝐿𝑜𝑥,𝑤)

∇·(−𝐷𝑚,𝑤∇𝐶𝑚,𝑤)

∇·(−𝐷𝑀,𝑤∇𝐶𝑀,𝑤)

∇·(−𝐷𝑐,𝑤∇𝐶𝑐,𝑤)

∇·(−𝐷𝐶𝑆𝑀𝐶,𝑤∇𝐶𝐶𝑆𝑀𝐶,𝑤)

∇·(−𝐷𝑆𝑆𝑀𝐶,𝑤∇𝐶𝑆𝑆𝑀𝐶,𝑤)

∇·(−𝐷𝐹𝐶,𝑤∇𝐶𝐹𝐶,𝑤)

∇·(−𝐷𝐺,𝑤∇𝐶𝐺,𝑤)

+

+

+

+

+

+

+

+

+

=

=

=

=

=

=

=

=

=

−𝑑𝐿𝐷𝐿𝐶𝐿𝐷𝐿,𝑤

𝑑𝐿𝐷𝐿𝐶𝐿𝐷𝐿,𝑤 − 𝐿𝐷𝐿𝑜𝑥,𝑟𝐶𝐿𝐷𝐿𝑜𝑥,𝑤𝐶𝑀,𝑤

−𝑑𝑚𝐶𝑚,𝑤 −𝑚𝑑𝐶𝑚,𝑤

𝑑𝑚𝐶𝑚,𝑤 −
𝐿𝐷𝐿𝑜𝑥,𝑟
𝑛𝐹𝐶

𝐶𝐿𝐷𝐿𝑜𝑥,𝑤 · 𝐶𝑀,𝑤

𝐶𝑟 · 𝐶𝐿𝐷𝐿𝑜𝑥,𝑤 · 𝐶𝑀,𝑤 −𝑑𝑐𝐶𝑐,𝑤

−𝐶𝐶𝑆𝑀𝐶,𝑤 · 𝑆𝑟
𝐶𝑐,𝑤

𝑘𝑐 · 𝐶𝑐,𝑤
𝑡ℎ + 𝐶𝑐,𝑤

𝐶𝐶𝑆𝑀𝐶,𝑤 · 𝑆𝑟
𝐶𝑐,𝑤

𝑘𝑐 · 𝐶𝑐,𝑤
𝑡ℎ + 𝐶𝑐,𝑤

+
𝑝𝑠𝑠𝐶𝑐,𝑤

𝐶𝑐,𝑤
𝑡ℎ

2
+ 𝐶𝑐,𝑤

𝐶𝑆𝑆𝑀𝐶,𝑤 1 −
𝐶𝑆𝑆𝑀𝐶,𝑤

𝐶𝑆𝑆𝑀𝐶,𝑤
𝑡ℎ − 𝑟𝐴𝑝𝑜𝑝 · 𝐶𝑆𝑆𝑀𝐶,

𝐿𝐷𝐿𝑜𝑥,𝑟
𝑛𝐹𝐶

𝐶𝐿𝐷𝐿𝑜𝑥,𝑤 · 𝐶𝑀,𝑤

𝐺𝑟𝐶𝑆𝑆𝑀𝐶,𝑤 − 𝑑𝐺𝐶𝐺,𝑤

𝑢𝑤 · ∇𝐶𝐿𝐷𝐿,𝑤

𝑢𝑤 · ∇𝐶𝐿𝐷𝐿𝑜𝑥,𝑤

𝑢𝑤 · ∇𝐶𝑚,𝑤

𝑢𝑤 · ∇𝐶𝑀,𝑤

𝑢𝑤 · ∇𝐶𝑐,𝑤

𝑢𝑤 · ∇𝐶𝐶𝑆𝑀𝐶,𝑤

𝑢𝑤 · ∇𝐶𝑆𝑆𝑀𝐶,𝑤

𝑢𝑤 · ∇𝐶𝐹𝐶,𝑤

𝑢𝑤 · ∇𝐶𝐺,𝑤

Inflammatory process
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𝛻 · 𝑣 =
𝜕∆𝐶𝐹,𝑤
𝜕𝑡

· 𝑉𝑜𝑙𝑓𝑜𝑎𝑚 𝑐𝑒𝑙𝑙 +
𝜕∆𝐶𝑆𝑆𝑀𝐶,𝑤

𝜕𝑡
· 𝑉𝑜𝑙𝑆𝑆𝑀𝐶 +

𝜕∆𝐶𝐺,𝑤
𝜕𝑡

·
1

𝜌𝐺

𝜌𝐺 = 1 𝑔/𝑚𝐿
Sáez et al. 2012b

Plaque growth

Ψ =

𝑖=1

3

𝐶𝑖 · 𝐼1 − 3 𝑖

𝐶1 = 17,005 k𝑃𝑎

𝐶2 = −73,424 k𝑃𝑎

𝐶3 = 414,952 k𝑃𝑎

• Yeoh model:

Cebollero Burgués, M. 

Trabajo Fin de Master 2017

Hyperelastic material

𝑉𝑜𝑙𝑓𝑜𝑎𝑚 𝑐𝑒𝑙𝑙 =
4

3
𝜋𝑅𝐹𝑜𝑎𝑚𝑐𝑒𝑙𝑙

3

Spheres

𝑉𝑜𝑙𝑆𝑆𝑀𝐶 =
4

3
𝜋𝑅𝑆𝑆𝑀𝐶

3 𝑙𝑆𝑆𝑀𝐶

Ellipses

Modelling atherosclerosis
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Numerical results

Hemodynamic results



LDL MonocytesOxidized LDL Macrophages

CollagenSynthetic SMCsCytokines Foam cells
Contractile SMCs

Numerical results

Artery wall concentration evolution



Numerical results

Artery wall concentration evolution



10 years high cholesterol

10 years normal cholesterol

5 years high cholesterol +

5 years normal cholesterol

Displacement

Numerical results

Growth after treatments



If it disagrees with experiment, it is wrong. And that simple 

statement is the key to science. It does not make a 

difference how beautiful your guess is, it does not matter 

how smart you are, who made the guess, or what his name 

is. If it disagrees with experiment, it is wrong. That is all 

there is to it

Richard Feynman

Mechanobiological models:

Numerical results

Validation



Cilla et al. 2015

Numerical results

Validation



Validation
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Numerical results
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Plaque growth

Uncoupled
FSI

Updating every 10 years

FSI

Updating every 5 years

10 years

20 years

30 years

Uncoupled FSI – Updating every 10 years FSI – Updating every 5 years

Plaque Area (mm2) Stenosis Ratio (%) Plaque Area (mm2) Stenosis Ratio (%) Plaque Area (mm2) Stenosis Ratio (%)

10 years 2.098 9.61 2.177 9.97 1.29 5.61

20 years 6.536 33.04 5.675 26.00 3.407 16.08

30 years 13.075 64.14 10.928 46.97 6.64 32.61

Numerical results



𝐷 =
𝐷𝑖 0
0 10𝐷𝑖

𝜅𝑤 =
1.2 0
0 1.8359

· 10−18

Tarbell et al. 2003

Chooi et al. 2016

Di = 8 · 10−13 Τm2 s

Anisotropic diffusion 

properties

Anisotropic permeability properties

Isotropic diffusion properties

Isotropic permeability properties

(Holzapfel et al 2000)

Effect of mechanics 

Effect of the anisotropy of mass transport properties



𝜏0 =
𝐿

𝑥

𝐷𝑒𝑓𝑓 =
𝜖

𝜏
𝐷𝑓𝑟𝑒𝑒

𝜏 =
𝐿

𝑥 − ∆𝑥

𝜏 =
𝜏0

1 + 휀𝑟

𝐷𝑒𝑓𝑓 =
𝜖 · 1 + 휀𝑟

𝜏0
𝐷𝑓𝑟𝑒𝑒

𝐷𝑒𝑓𝑓 =
1 + 휀𝑟 · 𝐷𝑖 0

0 1 + 휀𝑧 · 𝐷𝑖 Denny et al. 2014

Anisotropic diffusion 

properties

Isotropic strain dependent diffusion 

properties

Anisotropic strain dependent diffusion 

properties

Isotropic diffusion properties

Effect of mechanics 

Effect of strain on difussion



𝐾𝑤,𝑖 = 𝐾𝑤,𝑖
0 ·

1 − 𝜙𝑆

1 − 𝜙𝑅
𝑆

𝑚

· 𝑝1 +
𝑝2

1 + 𝑒 𝐽−𝑝3 ·𝑝4

Chooi et al. 2016

∆𝑉 = 9,31% → 𝐽 = 0,9069 → 𝜅
= 4,46 · 104 Nolan et al. 2016

𝐾𝑤 =
𝐾𝑤,𝑟(𝐽) 0

0 𝐾𝑤,𝑧(𝐽)

Anisotropic permeability properties

Anisotropic strain dependent 

permeability properties

Isotropic strain dependent 

permeability properties

Isotropic permeability properties

Anisotropic strain dependent 

permeability properties

Effect of mechanics 

Effect of strain on permeability



Foam cellsFoam cells LDL

Oxidized LDL

LDL

CSMCsOxidized LDL

SSMCs

CSMCs

MonocytesSSMCs

Macrophages

Monocytes

Collagen

Cytokines

CollagenMacrophages

GrowthCytokines Growth

Effect of mechanics 

Anisotropic and strain-dependentIsotropic and strain-independent



A mathematical and computational model of atheromatous plaque 

emergence has been presented that allows the lesion to growth in 

particular areas in relation to the hemodynamics of the blood flow.

Due to the fact that foam cells concentration is associated to the 

necrotic core formation, the final distribution of foam cells is critical to 

evolve into a vulnerable or fibrotic plaque

A computational model based on real patient geometries has been 

developed.

The disturbance of the fluid flow during growth process affects to LDL 

distribution and plaque geometry.

There is a great influence of the anisotropic transmural properties on 

LDL distribution, Foam cell and collagen.

There is no a great influence of the strain wall on growth and stenosis.

Conclusions
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