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Granular media and suspensions.

Macroscopic, non-brownian grains

Dry system or Stokes flow



Rheology.

Rheology : ” the branch of physics concerned with  
                      the flow and change of shape of matter ”  

                        [Collins English Dictionary] 

 flow, segregation, mixing, blocking, collapse...

Macroscopic behaviour



Learning to swim?



A complex behavior: kitchen experiment…
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A complex behavior: kitchen experiment…



B. Andreotti, Y. Forterre, and O. Pouliquen. 
Granular media: between fluid and solid.  
Cambridge University Press, 2013 

Sandcastle / Solid Hourglass / Liquid Sandstorm / Gaz

A complex behavior: solid, liquid or gaz?



Pression Vitesse horizontale Vitesse verticale

A complex behavior: lubrication in suspensions

E. Guazzelli and O. Pouliquen. “Rheology of dense granular suspensions”.  
In: Journal of Fluid Mechanics 852 (2018) 
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Numerical simulations. The difficulties.

 Macroscopic behaviour

 Steady state and time average

Large number of particles)
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Long time simulations)
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Need for fast N-body computations



Numerical simulations. The difficulties.

 Dense suspensions Close interactions due to the fluid)
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Need for methods taking lubrication into account

Pressure

Horizontal velocity Vertical velocity



Numerical simulations. The difficulties.
 Dense suspensions

Solid contacts between particles)
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 Granular media

 Multi-particle interactions 

 Stiff interactions / non-continuous forces,  
  depending on the model.

Need for a stable algorithm to deal with contacts
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Numerical simulations. The difficulties.
 Dense suspensions

Solid contacts between particles)
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Numerical simulations. The difficulties.
 Dense suspensions

Solid contacts between particles)
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 Granular media

Explicit penalty force

[Cundall, Strack, 1979]

Continuous penalization 
method

Explicit  
force

Multi-contact problem

Inelastic contacts 
Coulomb friction law

Contact law

Explicit solution for 2 particles

Non-Smooth Contact Dynamics
[Moreau, 1988]  [Moreau, Jean, 1992]

Molecular Dynamics



Explicit penalty force

Continuous penalization 
method

Explicit  
force

Frictionless Molecular Dynamics Models



An explicit contact force

 Contact forces explicit 

 Which choice for the  
   contact model?
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An explicit contact force

 Linear spring model
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Signorini conditions.
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Missing energy dissipation…
Negative contact force…



An explicit contact force

 Damped linear spring model
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Fine tuning of parameters
Negative contact force…

Damped harmonic oscillator:
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An explicit contact force

 Positive force
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= max(0, ·)

 Many non-linear contact laws 
   Ex: Hertz contact law

 Repulsive force, adhesion force,  
  variable parameters … 

 Tangential force
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An explicit contact force

[E. Corral, R.G. Moreno, M.J.G. Garcıa, and C. Castejon. Nonlinear 
phenomena of contact in multibody systems dynamics: a review. 
Nonlinear Dynamics, 2021.]
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Further extensions

 Multi-particle case

• Obvious extension of the model

• Need for neighbour search algorithms

• Need for additional dissipation to dampen long waves

 Non-spherical particles

• Composed of assemblies of spheres

• Polygons (various contact scenarios)



Time discretization

 The forces are not time-derivable

• No high-order scheme

 Stiff second order ODE to solve

 Mainly used numerical schemes:

• Leap-frog scheme 

• Predictor/corrector schemes



 

Summary

 Stiff explicit second order ODE model

• Easy to implement 

• Many contact models 
 available

• Fine tuning of parameters 

• Small time steps 

• Interpreting the results can 
 be difficult

Pros Cons
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Inelastic contacts

Contact law

Frictionless Contact Dynamics Models



An implicit contact force, a constrained problem
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 Contact forces implicit 

 How to determine    ? 
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An implicit contact force, a constrained problem
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Moreau, J.-J. "Unilateral contact and dry friction in finite freedom 
dynamics." Nonsmooth mechanics and Applications (1988): 1-82.

An implicit contact force, a constrained problem
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Non-uniqueness

 Need for analytic forces to obtain uniqueness

• Schatzman, Michelle. "A class of nonlinear differential equations of second order in time." Nonlinear Analysis: Theory, Methods and  
 Applications 2.3 (1978): 355-373. 

• Ballard, Patrick. "The dynamics of discrete mechanical systems with perfect unilateral constraints." Archive for Rational Mechanics and  
 Analysis 154 (2000): 199-274.



Existence
 Proofs = time discretization + compactness results

1)

2)

3)
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ūn+1

�

<latexit sha1_base64="9xR9eMlKV+zmrifaheo1NNhbUxM="></latexit>
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Saddle-points, constrained optimization and duality
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Saddle-points, constrained optimization and duality

<latexit sha1_base64="Y5lozsJhyKQiciIv5wfMgJbx7Y0="></latexit>

J(v) =
1

2
a(v, v)� l(v)

<latexit sha1_base64="k0fzampzw2SYWnCcQk1aDziSyY8="></latexit>

J : RN 7! R

<latexit sha1_base64="ebrpBkMjYZkWscLtZLWTqEfGXnM="></latexit>

g : RN 7! R
<latexit sha1_base64="ku1lhU+9JW1jHx28Idz5nhfWVjk="></latexit>g affine

<latexit sha1_base64="J1XOUZRkK797jg3Bi/MXIA3tijg="></latexit>

u 2 K
<latexit sha1_base64="J6+Bij05GhvYRU3zidioE6DqscQ="></latexit>

J(u) = min
v2K

J(v)

<latexit sha1_base64="U/jqCc10yvaDgc/Z3YeiqnNVSGQ="></latexit>

K = {v 2 RN , g(v)  0}

where



Saddle-points, constrained optimization and duality
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Saddle-points, constrained optimization and duality
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Existence
 Proofs = time discretization + compactness results
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Numerical schemes

 Algorithms based on the discretization used to prove existence

• Explicit admissible velocity space 
 
 

• Implicit contact forces
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Numerical schemes

 Fully implicit algorithms
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Numerical schemes

 Fully implicit algorithms  - Convergence result
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Dual problem
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Numerical schemes

 Fully implicit algorithms  - Dual problem
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The multi particle case
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• B. Maury. A time-stepping scheme for inelastic collisions. Numerische Mathematik, 102(4):649–679, 2006.  

• Bernicot, F., & Lefebvre-Lepot, A. (2010). Existence results for nonsmooth second-order differential inclusions, convergence result for a 
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 Fully implicit algorithm - the corresponding dual problem

The multi particle case

• On convex numerical schemes for inelastic contacts with friction, with H. Bloch, Proceeding SMAI2021,  Accepted for publication

where

<latexit sha1_base64="1HF7XZFgaVGYvMcsO4hBZbVEO6M="></latexit>

min
�ij2R+

X

i<j

�ij


Dij(c

n) +�tnij ·Aij

✓
v� + v̄n+1

2

◆�

<latexit sha1_base64="MiQJipc1yS4saz9O8vRRPpHcHBM="></latexit>

M
v� � vn

�t
= fe(tn, cn) +

X

i<j

�ijrDij(c
n)

 Can be solved using Projected Gradient Algorithms



 Inelastic contacts  SCoPI

Faure, S., Lefebvre-Lepot, A., & Semin, B. (2009). Dynamic numerical investigation of random packing for 
spherical and nonconvex particles. In Esaim: Proceedings (Vol. 28, pp. 13-32). EDP Sciences.

Application: random packing of non-convex particles

 Validation for spheres

Random packing:
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Faure, S., Lefebvre-Lepot, A., & Semin, B. (2009). Dynamic numerical investigation of random packing for 
spherical and nonconvex particles. In Esaim: Proceedings (Vol. 28, pp. 13-32). EDP Sciences.

Application: random packing of non-convex particles

 Case of non-convex particles
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Clustering and flow around a sphere moving into a grain cloud. With A. Seguin, S. Faure, and P. Gondret.  
In: The European Physical Journal E 39.6 (2016)
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 Rheology  Chains of forces

Application: clustering and flow around an intruder

[Seguin, Lefebvre, Faure, Gondret, EPJE 39.6 (2016)]



Extension to non-spherical particles.

 Hélène Bloch [CMAP] Non-spherical particles

On convex numerical schemes for inelastic contacts with friction, with H. Bloch, Proceeding SMAI2021,  Accepted for publication
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[H. Bloch, A. Lefebvre-Lepot]



Stable and convex contact algorithms.

On convex numerical schemes for inelastic contacts with friction, with H. Bloch, Proceeding SMAI2021,  Accepted for publication

 Hélène Bloch [CMAP] Non-spherical particles  SCoPI



Inelastic contacts 
Coulomb friction law

Contact law

Contact Dynamics Models  
including friction



Modeling friction.

 Contact force

<latexit sha1_base64="xeZm8ap/87SVInlZ0hmlDn2xls4="></latexit>

f = fnn+ ft

<latexit sha1_base64="EoVMjTAGOUkD0/lWCX50oSa0p8A="></latexit>

PvC
+ = 0

<latexit sha1_base64="ooTqzpqyDozTmdRaB517UBp2naI="></latexit>

PvC
+ 6= 0

<latexit sha1_base64="Jybuyw7eS9YdQbANOxAE6STbHfI="></latexit>

|ft|  µfn

<latexit sha1_base64="+UJQwOEynRwECz1jRintZIOMuB8="></latexit>

ft = �µfn
PvC

+

|PvC
+|

 If  (no slip) 

 If  (sliding motion) 



Modeling friction.
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Founding NSCD algorithms

<latexit sha1_base64="Jybuyw7eS9YdQbANOxAE6STbHfI="></latexit>

|ft|  µfn If 

 If 

 (FPD) 

 (Norm. Cont.) 

 (Tang. Cont.) 

• Jean, M. (1999). The non-smooth contact dynamics method. Computer methods in applied mechanics and engineering, 177(3-4), 235-257. 

• Dubois, F., & Jean, M. (2006). The non smooth contact dynamic method: recent LMGC90 software developments and application. Analysis 
and simulation of contact problems, 375-378.

<latexit sha1_base64="5oeZGeBv6tZD5kaKVChUztfO+ms="></latexit>

M
un+1 � un

�t
= fe +An,T (fnn

n + ft)

<latexit sha1_base64="oZqKarLPa/VaiaXqVkgDRnl5BOM="></latexit>

fn � 0
<latexit sha1_base64="7zTsfUviOJTmcwRTpbDuRkrhp+4="></latexit>

Dn +�trcD
n · vn+1 � 0

<latexit sha1_base64="g1JSCwy2194XVOavZmpN24x/gNA="></latexit>

(Dn +�trcD
n · vn+1)fn = 0

<latexit sha1_base64="XBxX1U4fHhGvf3HQaoPth+cafYs="></latexit>

PnAnun+1 = 0
<latexit sha1_base64="00cCGVism9LzH/C7ik8K75mUA8o="></latexit>

PnAnun+1 6= 0

<latexit sha1_base64="vdUaKhBbzVL2gtzgCBqwLBpPWmE="></latexit>

ft = �µfn
PnAnun+1

|PnAnun+1|



Convex optimization for friction?
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Lagrange multipliers
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Optimality conditions



Notion of sub-differential

Sub-differential of a convex function
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Notion of sub-differential
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 Lagrange multiplier

• J-B. Hiriart-Urruty and C. Lemarechal. Convex Analysis and Minimization Algorithms I: Fundamentals. Grundlehren der mathematischen 
Wissenschaften, Convex Analysis and Minimization Algorithms. Springer-Verlag, Berlin Heidelberg, 1993. [Chap. VI]

Optimality conditions



Convex optimization for friction?
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Convex optimization for friction?
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 Fully implicit algorithm



Convex optimization for friction?
 Fully implicit algorithm
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• Anitescu, M. (2006). Optimization-based simulation of nonsmooth rigid multibody dynamics. Mathematical Programming, 105, 113-143. 

• On convex numerical schemes for inelastic contacts with friction, with H. Bloch, Proceeding SMAI2021,  Accepted for publication



Convex optimization for friction?
 Fully implicit algorithm

• An optimization-based model for dry granular flows: application to granular collapse on erodible beds, with H. Martin, A. Mangeney, Y. Maday, B. 
Maury, Submitted, hal-03790427 

• On convex numerical schemes for inelastic contacts with friction, with H. Bloch, Proceeding SMAI2021,  Accepted for publication

 Order of convergence?
Numerical study:

 Influence of convexification?
Granular column collapse:



Convex optimization for friction?
 Fully implicit algorithm - the corresponding dual problem

• Melanz, D., Fang, L., Jayakumar, P., & Negrut, D. (2017). A comparison of numerical methods for solving multibody dynamics problems with 
frictional contact modeled via differential variational inequalities. Computer Methods in Applied Mechanics and Engineering, 320, 668-693. 

• Corona, E., Gorsich, D., Jayakumar, P., & Veerapaneni, S. (2019). Tensor train accelerated solvers for nonsmooth rigid body dynamics. Applied 
Mechanics Reviews, 71(5), 050804. 

• On convex numerical schemes for inelastic contacts with friction, with H. Bloch, Proceeding SMAI2021,  Accepted for publication

 Can be solved using Projected Gradient Algorithms
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 Friction  Hugo Martin [LJLL, IPGP] Spherical particles

• An optimization-based model for dry granular flows: application to granular collapse on erodible beds, with H. Martin, A. Mangeney, Y. Maday, 
B. Maury, Submitted, hal-03790427 

Application: granular collapse

2D collapse [Hugo Martin, with A. Lefebvre, A. Mangeney, Y. Maday, B. Maury]



 Friction  Hugo Martin [LJLL, IPGP] Spherical particles

• An optimization-based model for dry granular flows: application to granular collapse on erodible beds, with H. Martin, A. Mangeney, Y. Maday, 
B. Maury, Submitted, hal-03790427 

Application: granular collapse

3D collapse [Hugo Martin, with A. Lefebvre, A. Mangeney, Y. Maday, B. Maury]



Gluey contact model

Contact law

Contact Dynamics Model  
including lubrication in suspensions



Lubrication and Numerical simulations.

 Dense suspensions Close interactions due to the fluid)
<latexit sha1_base64="KA9Gv2Gy6xuIMwaG2g6wwKc+WEE="></latexit><latexit sha1_base64="KA9Gv2Gy6xuIMwaG2g6wwKc+WEE="></latexit><latexit sha1_base64="KA9Gv2Gy6xuIMwaG2g6wwKc+WEE="></latexit><latexit sha1_base64="KA9Gv2Gy6xuIMwaG2g6wwKc+WEE="></latexit>

Need for methods taking lubrication into account

Pressure

Horizontal velocity Vertical velocity



A stiff problem.

Flub(d) = �6⇡µr2
ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]

Lubrication force
<latexit sha1_base64="BEwVvv8qHWAG0x0H1VFBNLCmxxQ="></latexit>

mq̈ = �6⇡µr2
q̇

q
+mfy

<latexit sha1_base64="37WRUJSK2iQbgSotN5ZCXCxzSmM="></latexit>

q(t) > 0•                    for any 
<latexit sha1_base64="Ld9UgTJ6BH9BHPq3SYwuDPi2gQQ="></latexit>

t

• BUT very small…

• Cox, R. G. (1974). The motion of suspended particles almost in contact. International Journal of Multiphase Flow, 1(2), 343-371.



Modeling lubrication: the gluey contact model.

<latexit sha1_base64="q1zFIZ1rI+3fcE6OCqs/JJ3eBDo="></latexit>

fy = �21[0,2] + 21[2,+1]

<latexit sha1_base64="80scVS25Ndf6oX0HqOmKYLbjReE="></latexit>

q̈µ = �µ
q̇µ
qµ

+ fy
<latexit sha1_base64="zIipzPPurUNb0xhMOXMnEAV/pJQ="></latexit>

q̇µ(0) = 0

<latexit sha1_base64="gOjmPEZE7/iNmd/fsOu1XT8vMac="></latexit>

qµ(0) = 1



Modeling lubrication: the gluey contact model.

<latexit sha1_base64="jnhf1em6VCCanrJlGGzMeonsJYI="></latexit>

q̇+ = PCq,� q̇
�

<latexit sha1_base64="QRApwB6G7PtsAQDXhMiSd8UW1VU="></latexit>

mq̈ = mfy + �
<latexit sha1_base64="i8B3ivyAIhInZUTyvSM6lD+ybhk="></latexit>

supp(�) ⇢ {t, q(t) = 0}
<latexit sha1_base64="FCHmCAvEviRawIJ1CaPGBTzo3AA="></latexit>

�̇ = ��
<latexit sha1_base64="gRMr6uvjm/ockmBS7iqsvjsGOuI="></latexit>

q � 0, �  0

<latexit sha1_base64="ZMWwvPzqoX1Ud9z/ZZgiliXeVbM="></latexit>

Cq,� =

<latexit sha1_base64="iWZbrEHWQzGl1NjpUbvnKpY3I+E="></latexit>

R+ si

<latexit sha1_base64="JR/mZSrgVGqRfVT7ohKopfYsVyc="></latexit>

{0} si �� < 0

<latexit sha1_base64="w4w3Ur2kLc0F9BT2cLSVNA69rhI="></latexit>

�� = 0

q = 0
<latexit sha1_base64="XQHsYGP7w+piKZeJuv1DgJZcg6w="></latexit>

R sinon

• B. Maury, A gluey particle model, ESAIM Proceedings, July 2007, Vol.18, 133-142

• A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)



Modeling lubrication: the gluey contact model.
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q, modèle non rugueux

γ, modèle non rugueux

q, modèle rugueux

γ, modèle rugueux

f=−2 f=2

• Roughness            contact<latexit sha1_base64="yIXKbg49lYKxgRaCjp5UEY+2Kp8="></latexit>

=)
• Model : contact for 

<latexit sha1_base64="oGkJiQ+VpwJX6z1skwNHiytcD8A="></latexit>

q = r1 + r2

<latexit sha1_base64="yIXKbg49lYKxgRaCjp5UEY+2Kp8="></latexit>

=)  Threshold for     : 
<latexit sha1_base64="idckTP72PAH5PgwolC21A6MPkEc="></latexit>�

<latexit sha1_base64="1oCBRwp84wc5HfrmFtcXFaOU0tM="></latexit>

� � �min = µ ln(r1 + r2)



Coupling lubrication model and fluid solver



Coupling lubrication model and fluid solver



Taking lubrication into account when 
using direct fluid/particle solvers



Direct numerical simulations

 Solving the fluid-particles PDE model


 Approximation of the velocity and pressure fields 

 Underlying mesh 

 Converging results

Y

Freefem++ CAFES (CMAP-LMO) MyBEM (CMAP)



Blows up 

when the distance 


goes to zero…

ku� uhk  C
<latexit sha1_base64="pKp2gCD/pa5YYNrL/YbhO1rWEro="></latexit><latexit sha1_base64="pKp2gCD/pa5YYNrL/YbhO1rWEro="></latexit><latexit sha1_base64="pKp2gCD/pa5YYNrL/YbhO1rWEro="></latexit><latexit sha1_base64="pKp2gCD/pa5YYNrL/YbhO1rWEro="></latexit>

k(u, p)k
<latexit sha1_base64="F7YjeO83kssg32CJzVLqCWrFnb8="></latexit><latexit sha1_base64="F7YjeO83kssg32CJzVLqCWrFnb8="></latexit><latexit sha1_base64="F7YjeO83kssg32CJzVLqCWrFnb8="></latexit><latexit sha1_base64="F7YjeO83kssg32CJzVLqCWrFnb8="></latexit>

h↵
<latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit>

 Numerical resolution of a singular problem…

u = u?
<latexit sha1_base64="iT7IzlKgOqI1omA7ESckSXifKXA="></latexit><latexit sha1_base64="iT7IzlKgOqI1omA7ESckSXifKXA="></latexit><latexit sha1_base64="iT7IzlKgOqI1omA7ESckSXifKXA="></latexit><latexit sha1_base64="iT7IzlKgOqI1omA7ESckSXifKXA="></latexit>

�µ4u+rp = 0
<latexit sha1_base64="Mah1U4SNXGVC96m8TpiIPOFbxr4="></latexit><latexit sha1_base64="Mah1U4SNXGVC96m8TpiIPOFbxr4="></latexit><latexit sha1_base64="Mah1U4SNXGVC96m8TpiIPOFbxr4="></latexit><latexit sha1_base64="Mah1U4SNXGVC96m8TpiIPOFbxr4="></latexit>

r · u = 0
<latexit sha1_base64="k0RW38LdHNbJpYVq8hsJa77vGpA="></latexit><latexit sha1_base64="k0RW38LdHNbJpYVq8hsJa77vGpA="></latexit><latexit sha1_base64="k0RW38LdHNbJpYVq8hsJa77vGpA="></latexit><latexit sha1_base64="k0RW38LdHNbJpYVq8hsJa77vGpA="></latexit>

on @B
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in F
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Lubrication phenomenon

Need for methods taking lubrication into account



An explicit asymptotic expansion

Flub(d) = �6⇡µr2
ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]

Lubrication force



An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit>

Explicit

asymptotic

expansion


[Hillairet, Kelai, 2015]

Flub(d) = �6⇡µr2
ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]

Lubrication force



An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit> Flub(d) = �6⇡µr2

ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]
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[Hillairet, Kelai, 2015]



An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit> Flub(d) = �6⇡µr2

ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]
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[Hillairet, Kelai, 2015]



An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit> Flub(d) = �6⇡µr2

ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]
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[Hillairet, Kelai, 2015]



An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit> Flub(d) = �6⇡µr2

ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]
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An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit> Flub(d) = �6⇡µr2

ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]

Lubrication force

Divergence free

explicit expansion

Divergence free

truncation

Vanishing 

extension

Divergence free

modification


to match

boundary

conditions

       must be  
independent  

of the distance

⌦?
<latexit sha1_base64="7XfGL9SSCD8SnN66vSI54EnoC40="></latexit><latexit sha1_base64="7XfGL9SSCD8SnN66vSI54EnoC40="></latexit><latexit sha1_base64="7XfGL9SSCD8SnN66vSI54EnoC40="></latexit><latexit sha1_base64="7XfGL9SSCD8SnN66vSI54EnoC40="></latexit>

Explicit

asymptotic

expansion


[Hillairet, Kelai, 2015]



�µ4ureg +rpreg = µ4using �rpsing
<latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit><latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit><latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit><latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit>

r · ureg = �r · using
<latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit><latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit><latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit><latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit>

ureg = u? � using
<latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit><latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit><latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit><latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

on @B
<latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit>

An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit> Flub(d) = �6⇡µr2

ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]

Lubrication force

(ureg, preg)
<latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit><latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit><latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit><latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit>

solution to

Explicit

asymptotic

expansion


[Hillairet, Kelai, 2015]



�µ4ureg +rpreg = µ4using �rpsing
<latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit><latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit><latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit><latexit sha1_base64="53OsHBXG6IQkRYvU4QR1qHXm9Nk="></latexit>

r · ureg = �r · using
<latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit><latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit><latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit><latexit sha1_base64="vMRbgLay3jBfz6aBCzZnobqdn8w="></latexit>

ureg = u? � using
<latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit><latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit><latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit><latexit sha1_base64="xFOJSku7t/LmxJRjd/kF3hShURQ="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

on @B
<latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit>

An explicit asymptotic expansion

(using, psing)
<latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit><latexit sha1_base64="kB+GlnxPSOJLJhOAUtGf699tcEQ="></latexit>

(u, p) =
<latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit><latexit sha1_base64="J1eREdUjqxJFGeAzt88hfEMomro="></latexit>

+(ureg, preg)
<latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="wdlS1BjP4BBcRcpSJyOUdCc+/K4="></latexit><latexit sha1_base64="HVcucASVWyfDzH2F6r35H6tZie4="></latexit><latexit sha1_base64="N7h/Qu8ViQ3J7l495r4e4pKKyHY="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit><latexit sha1_base64="KXTHtTdgvwtcOJAX6jmyvIITNvk="></latexit> Flub(d) = �6⇡µr2

ḋ

d
<latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit><latexit sha1_base64="FKycGr36LPkkPbLEC2UbNxNGPwI="></latexit>

d
<latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit><latexit sha1_base64="VoVsCV84r2gVBm+A/Fp/9tWHSz0="></latexit>

[Cox, 1974]

Lubrication force

(ureg, preg)
<latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit><latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit><latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit><latexit sha1_base64="Sc+UzariDFLC4bZs1k5TniBpZK8="></latexit>

solution to

 [M. Hillairet, T. Kelai, 2015]

k(ureg, preg)k  C
<latexit sha1_base64="bA2cwdNjlCH4ZfC8UdKfQNlYmds="></latexit><latexit sha1_base64="bA2cwdNjlCH4ZfC8UdKfQNlYmds="></latexit><latexit sha1_base64="bA2cwdNjlCH4ZfC8UdKfQNlYmds="></latexit><latexit sha1_base64="bA2cwdNjlCH4ZfC8UdKfQNlYmds="></latexit>

with      independent of the distanceC
<latexit sha1_base64="kZpYpPovX4ESzWBimgmM201SZBo="></latexit><latexit sha1_base64="kZpYpPovX4ESzWBimgmM201SZBo="></latexit><latexit sha1_base64="kZpYpPovX4ESzWBimgmM201SZBo="></latexit><latexit sha1_base64="kZpYpPovX4ESzWBimgmM201SZBo="></latexit>

Explicit

asymptotic

expansion


[Hillairet, Kelai, 2015]

• Hillairet, M., & Kelai, T. (2015). Justification of lubrication approximation: an application to fluid/solid interactions. Asymptotic Analysis, 
95(3-4), 187-241.



Taking lubrication into account           
  in the fluid solver.

Adapted explicit

asymptotic

expansion

(unew
h , pnewh ) =

<latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit>

(ũsing, p̃sing)
<latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit>

+(ũreg
h , p̃regh )

<latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit>

• A. Lefebvre-Lepot et F. Nabet, Numerical simulation of rigid particles in Stokes flow : lubrication correction for general shape of particles, Math. Model. 
Nat. Phenom., 16 (2021), p. 45



Adapted explicit

asymptotic

expansion

Taking lubrication into account           
  in the fluid solver.

Divergence free

explicit expansion

Modified

non-divergence free


truncation

Vanishing 

extension

(unew
h , pnewh ) =

<latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit>

(ũsing, p̃sing)
<latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit>

+(ũreg
h , p̃regh )

<latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit>

• A. Lefebvre-Lepot et F. Nabet, Numerical simulation of rigid particles in Stokes flow : lubrication correction for general shape of particles, Math. Model. 
Nat. Phenom., 16 (2021), p. 45



Taking lubrication into account           
  in the fluid solver.

Adapted explicit

asymptotic

expansion

(unew
h , pnewh ) =

<latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit>

(ũsing, p̃sing)
<latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit>

+(ũreg
h , p̃regh )

<latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

on @B
<latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit>

numerical solution to(ũreg
h , p̃regh )

<latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit>

�µ4ũreg
h +rp̃regh = µ4ũsing �rp̃sing

<latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit>

r · ũreg
h = �r · ũsing

<latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit>

ũreg
h = u? � ũsing

<latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit>

• A. Lefebvre-Lepot et F. Nabet, Numerical simulation of rigid particles in Stokes flow : lubrication correction for general shape of particles, Math. Model. 
Nat. Phenom., 16 (2021), p. 45



Taking lubrication into account           
  in the fluid solver.

Adapted explicit

asymptotic

expansion

(unew
h , pnewh ) =

<latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit>

(ũsing, p̃sing)
<latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit>

+(ũreg
h , p̃regh )

<latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit>

Bounded 

independently 

of the distance

h↵
<latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit>

ku� unew
h k  C

<latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit><latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit><latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit><latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit>

k(ũreg, p̃reg)k
<latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit><latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit><latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit><latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

on @B
<latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit>

numerical solution to(ũreg
h , p̃regh )

<latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit>

�µ4ũreg
h +rp̃regh = µ4ũsing �rp̃sing

<latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit>

r · ũreg
h = �r · ũsing

<latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit>

ũreg
h = u? � ũsing

<latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit>

• A. Lefebvre-Lepot et F. Nabet, Numerical simulation of rigid particles in Stokes flow : lubrication correction for general shape of particles, Math. Model. 
Nat. Phenom., 16 (2021), p. 45



Taking lubrication into account           
  in the fluid solver.

Bounded 

independently 

of the distance

h↵
<latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit><latexit sha1_base64="4Moc7WUUg2APklrTtPUBGXRZRCA="></latexit>

ku� unew
h k  C

<latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit><latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit><latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit><latexit sha1_base64="KZByH2zcmp+BnzZ1pT24N+m9D+E="></latexit>

k(ũreg, p̃reg)k
<latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit><latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit><latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit><latexit sha1_base64="MtKWmbW1tvSqB96cceEIei4tk7s="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

in F
<latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit><latexit sha1_base64="nH7G5Yi+xIVZVZpxRWgjbigdf/I="></latexit>

on @B
<latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit><latexit sha1_base64="+XEKzoj9dcXHCCljjHUTlqtni+s="></latexit>

numerical solution to(ũreg
h , p̃regh )

<latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit><latexit sha1_base64="iyhxfcRVJXbsTylUQeVAyyNb63w="></latexit>

�µ4ũreg
h +rp̃regh = µ4ũsing �rp̃sing

<latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit><latexit sha1_base64="bdkHk1UHLNKXyNCXTggHHx2Ks3I="></latexit>

r · ũreg
h = �r · ũsing

<latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit><latexit sha1_base64="+IGULAXB+QBqgPrDC3oxnvMaKhg="></latexit>

ũreg
h = u? � ũsing

<latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit><latexit sha1_base64="X/N49md5iGEEP81TWoZ1aw7X7Fs="></latexit>

• A. Lefebvre-Lepot et F. Nabet, Numerical simulation of rigid particles in Stokes flow : lubrication correction for general shape of particles, Math. Model. 
Nat. Phenom., 16 (2021), p. 45

Adapted explicit

asymptotic

expansion

(unew
h , pnewh ) =

<latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit><latexit sha1_base64="45BnoC+mgwIYi2PS3nqz0o5RkF4="></latexit>

(ũsing, p̃sing)
<latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit><latexit sha1_base64="kb/tAm0iQ5SUQIJvdjERXCrnahY="></latexit>

+(ũreg
h , p̃regh )

<latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit><latexit sha1_base64="4RVeg+iPuXWPrigGkxT4qiKe4Jk="></latexit>



3 non-spherical particles with general 
rigid motion

V1 = (1, 5),V2 = (�1,�2),V3 = (1.5,�5),w1 = 3,w2 = 5,w3 = 10
<latexit sha1_base64="u6jXSb6MofE3XIPMoVzFWVk5e/k="></latexit><latexit sha1_base64="u6jXSb6MofE3XIPMoVzFWVk5e/k="></latexit><latexit sha1_base64="u6jXSb6MofE3XIPMoVzFWVk5e/k="></latexit><latexit sha1_base64="u6jXSb6MofE3XIPMoVzFWVk5e/k="></latexit>



Limitation in dimension 2



Limitation in dimension 2


